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TOPOLOGICAL ENTROPY OF LORENZ-LIKE FLOWS
JIAGANG YANG
Abstract. We use entropy theory as a new tool for studying Lorenz-like
classes of flows in any dimension. More precisely, we show that every Lorenz-
like class is entropy expansive, and has positive entropy which varies continu-
ously with vector fields. We deduce that every such class contains a transverse
homoclinic orbit and, generically, is an attractor.
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1. Introduction
The study of Lorenz attractors, comes from the famous article of Lorenz [27],
where he did numerical investigation of the following system:


x˙ = −σx+ σy σ = 10
y˙ = ry − xz r = 28
z˙ = −bz + xy b = 8/3
Lorenz observed that, the solutions of the above simple equations, are sensitive with
respect to the initial conditions. Sometime later, a geometric Lorenz model for this
attractor was proposed in [17, 2, 18, 43], which provides a classical non-uniformly
hyperbolic, but robust transitive example for time continuous systems. Finally it
was proved much later by [39, 40], with the help of computer that, the Lorenz
attractor does exist and is exactly a kind of the geometric model. The history of
this story can be found in [41].
Inspired by the proposition of the Lorenz-like class, a theory for 3-dimensional
robustly transitive strange attractor was built in [30, 31], which showed that, any
robust attractor of a 3-dimensional flow which contains both singularity and regular
orbits must be singular-hyperbolic, that is, it admits a dominated splitting Es⊕F cu
on the tangent bundle into a 1-dimensional uniformly contracting sub-bundle and
a 2-dimensional volume-expanding sub-bundle. The notion of Lorenz-like class, is
a generalization of the above constructions and results.
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Definition 1.1. A compact invariant set Λ of a C1 flow φt is a Lorenz-like class if it
contains both singularity and regular points, and satisfies the following conditions:
(a) Λ is a chain recurrent class;
(b) Λ is Lyapunov stable, i.e., there is a sequence of compact neighborhoods
{Ui} such that:
– U1 ⊃ U2 ⊃ . . . and ∩i≥1Ui = Λ;
– for each i ≥ 1, φt(Ui+1) ⊂ Ui for any t ≥ 0.
(c) Λ is sectional-hyperbolic, i.e., Λ admits a dominated splitting Es ⊕ F cu
such that the bundle Es is uniformly contracting, and the bundle F cu is
sectional-expanding, which means, there are K,λ > 0 such that for any
subspace Vx ⊂ F cu(x) with x ∈ Λ and dim(Vx) ≥ 2, we have:
| det(DXt(x)|Vx )| ≥ K exp
λt for all t > 0.
Note that we neither assume the singularities to be hyperbolic nor the class to
be isolated. An example for higher dimensional Lorenz-like class (which is, in fact,
an attractor), was constructed in [8] with dim(F cu) > 2. More recently, [35] proved
that, for generic star flows, every non-trivial Lyapunov stable chain recurrent class
is Lorenz-like, where a C1 flow is a star flow if for any flow nearby, its critical
elements are all hyperbolic (see also [21], [47]).
The results on 3-dimensional Lorenz attractors are quite fruitful, e.g., see [30,
31, 4, 3, 5]. In fact, as in the construction of geometric Lorenz model, one can take
2-dimensional sections near to every singularity and analyze the Poincare´ return
maps. The corresponding Poincare´ return maps are partially hyperbolic, the quo-
tient along the stable lamination induces a family of 1-dimensional Lorenz maps
(see [4]). By this argument, several important properties were proved, for exam-
ple: every 3-dimensional singular hyperbolic attractor is a homoclinic class ( [3])
and is expansive ([4]). This argument is powerful, but is hard to apply on general
Lorenz-like classes. One reason is that Lorenz-like classes may not be isolated, it
will be difficult to choose sections. Another reason is that the corresponding higher
dimensional Lorenz map is not well-studied. The non-hyperbolicity of the singu-
larities also brings difficulty on the analysis of the orbits close to the singularities.
In this paper, we will provide a new method to study Lorenz-like classes, which is
based on the new development of entropy theory ( [22]).
Theorem A. Let Λ be a Lorenz-like class of a C1 flow φt, then φt has positive
topological entropy on Λ and is entropy expansive in a neighborhood of Λ.
The positive topological entropy of Lorenz-like class implies the existence of
non-trivial homoclinic class.
Corollary B. Let Λ be a Lorenz-like class of a C1 flow φt, then Λ contains a non-
trivial homoclinic class. Moreover, if φt belongs to a C
1 residual subset of flows,
then Λ is an attractor.
Combining the result of [35], one can get the following description for star flows:
Corollary C. There is a C1 residual subset R of star flows, such that for any star
flow φt ∈ R, φt has finitely many attractors, whose basins cover an open and dense
subset of the ambient manifold.
We also obtain regularity of the topological entropy for Lorenz like classes which
are quasi attractors, where an invariant compact set Λ is quasi attractor if for any
neighborhood V of Λ, there is compact set U ⊂ V such that φt(U) ⊂ int(U) for
any t > 0. The continuity of topological entropy for 1-dimensional Lorenz maps
was proved in [28, 36].
TOPOLOGICAL ENTROPY OF LORENZ-LIKE FLOWS 3
Theorem D. Let Λ be a Lorenz-like class of a C1 flow φt with all singularities
hyperbolic. Suppose Λ is a quasi attractor, then there is an open neighborhood U
of Λ and a neighborhood U of φt such that the topological entropy htop(.|U ) varies
continuously respect to the flows in U .
Remark 1.2. Let U be an attracting compact set, i.e., φt(U) ⊂ int(U), and Λ the
maximal invarint set of φt|U . Suppose Λ is sectional hyperbolic and not necessary
to be chain recurrent. Then it is easy to check that our proofs for Theorems A
and D still work.
The first part of Theorem A, as well as Corollary B, exist an alternative proof,
which was announced at the International Conference on Dynamical Systems held
at IMPA, Rio de Janeiro in November 2013. A video of this lecture is available at
the conference website [45]. Similar methods and results to that lecture appeared in
a preprint circulated by A. Arbieto, C.A. Morales, A.M. Lopez B in August 2014.
Now let us explain quickly how the entropy theory is used in the proof: We
study the time-one map of the flow in a neighborhood of Lorenz-like class. The
advantage to take the time-one diffeomorphism is because, we may make use of
‘fake foliations’, which comes from the dominated splitting of the time-one map,
and is in general not preserved by the flow. Making use of the fake foliation and a
new criterion for entropy expansiveness of [22], we prove that the time-one map is
entropy expansive in a small neighborhood of this Lorenz-like class. In particular,
the metric entropy is upper semi-continuous in this neighborhood.
Then we show a lower bound of topological entropy for diffeomorphisms admit-
ting a dominated splitting, which enables us to prove that, the topological entropy
for flow in any small neighborhood of this Lorenz like class is uniformly bounded
from zero. Taking a sequence of neighborhoods which converge to the Lorenz-like
class, and combining the upper semi-continuity of the entropy, we prove that the
topological entropy on this Lorenz-like class is always positive.
This paper is organized as follows. In Section 4 we prove Theorem A. And in
Section 5, we prove the lower semi-continuation of topological entropy and finish
the proof of Corollaries B, C and Theorem D.
2. Preliminary
Throughout this article, X denotes a C1 vector field on a d-dimensional closed
manifold Md, Sing(X) the singularities of X , φt the flow generated by X , and f
the corresponding time-one map, i.e., f = φ1. We also denote the corresponding
tangent flow by Φt = dφt : TM
d → TMd.
2.1. Dominated splitting. Throughout this subsection, g ∈ Diff1(M) is a dif-
feomorphism which admits a dominated splitting E ⊕ F on the tangent space, i.e.,
there exists L ∈ N such that for every x ∈ M , and every pair of non-zero vectors
u ∈ E(x) and v ∈ F (x), one has
‖DgLx (u)‖
‖u‖
≤
1
2
‖DgLx (v)‖
‖v‖
.
For a > 0 and x ∈M , we define (a, F )-cone on the tangent space TxM :
Ca(Fx) = {v; v = 0 or v = vE + vF where vE ∈ E; vF ∈ F and
‖vE‖
‖vF ‖
< a.}
When a is sufficiently small, the cone fields Ca(Fx), x ∈ M is forward invariant,
i.e., there is λ < 1 such that for any x ∈M , Dgx(Ca(Fx)) ⊂ Cλa(g(x)). In a similar
way, we may define the (a,E)-cone Ca(Ex), which is backward invariant. When no
confusing is caused, we call the two families of cones by F cone and E cone.
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The images of the cones under the exponential map are also forward or backward
invariant. The invariance is induced from the invariance of the E and F cones on the
tangent space. More precisely: Fix ε0 > 0 small enough, such that the exponential
map is well defined on the ε0 ball in the tangent space. The image of the exponential
map restricted on the set Bε0(0)∩ Ca(Fx) ⊂ TxM defines a local F cone in Bε0(x),
which we denote by Ca(Fx). Then for any x ∈M , we have:
g
(
Ca(Fx) ∩B ε0
‖f‖
C1
(x)
)
⊂ Cλa(Ff(x)).
In the same way we define Ca(Ex).
Definition 2.1. Let D be a C1 disk with dimension dim(E). We say D is:
• tangent to F cone if for any x ∈ D, TxD ⊂ Ca(Fx);
• tangent to local F cone at x if D ⊂ Ca(Fx);
• tangent to local F cone if for any y ∈ D we have D ⊂ Ca(Fy).
D is tangent to local F cone implies that it is tangent to F cone. Conversely, if
D is tangent to F cone, then it can be divided into finitely many sub-disks, each
sub-disk is tangent to local F cone.
Remark 2.2. Topologically, the local cones Ca(Ex) and Ca(Fx) for x ∈ M are
transverse to each other, that is, Ca(Ex) ∩ Ca(Fx) = {x}.
Remark 2.3. Suppose D is a disk with dimension dim(F ) and transverse to E
bundle, then there is n > 0 sufficiently large, such that gn(D) is tangent to F cone.
Hence, it can be divide into finitely connected pieces gn(D) = ∪li=1Di, such that
each piece Di is tangent to local F cone.
Lemma 2.4. There is K0 > 0 such that for any x ∈ M and any disk D ⊂ Bε0(x)
which is tangent to the local F cone, vol(D) ≤ K0.
Proof. Take a smooth foliation F in Bε0(x) such that every leaf has dimension
dim(E) and is tangent to E cone. Fix a disk Dx ∋ x which is tangent to F cone,
for example, we may choose the image of expx(Bε0(x) ∩ Fx). By Remark 2.3, each
leaf of F intersects D with at most one point. Hence the foliation F induces a
holonomy map H : D → Dx. Because both D and Dx are tangent to F cone,
the Jacobian of H is uniformly bounded from above and below. Observe that the
volume of Dx is uniformly bounded from above, the volume of Dx is bounded by a
uniform constant K0 > 0.

By the invariance of local cones and induction, it is easy to prove the following
lemma:
Lemma 2.5. For any x ∈ M , ε < ε0‖g‖C1
and n > 0, if D ⊂ Bε(x) is tangent to
local F cone (at x) and gi(D) ⊂ Bε(g
i(x)) for every 0 ≤ i ≤ n, then gn(D) is
tangent to local F cone (at gn(x)).
Definition 2.6. Let D be a disk tangent to the F cone, then the volume expansion
of D, vF (D), is defined by lim supn
1
n log(vol(g
n(D))). The volume expansion vF
of bundle F , is defined by:
vF = sup{vF (D); D is tangent to the F cone}.
2.2. Entropy. Let g : M → M be a continuous map on a compact metric space
M , K be a subset of M not necessary to be invariant. For each ε > 0 and n ≥ 1,
we consider the the dynamical ball of radius ε > 0 and length n around x ∈M :
Bn(x, ε) = {y ∈M ; d(g
j(x), gj(y)) ≤ ε for every 0 ≤ j < n}.
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A set E ⊂ M is (n, ε)-spanning for K if for any x ∈ K there is y ∈ E such
that d(gi(x), gi(y)) ≤ ε for all 0 ≤ i < n. In other words, the dynamical balls
Bn(y, ε), y ∈ E cover K. Let rn(K, ε) denote the smallest cardinality of any (n, ε)-
spanning set, and
r(K, ε) = lim sup
n→+∞
1
n
log rn(K, ε).
The topological entropy of g on K is defined by htop(g,K) = limε→0 r(K, ε).
And the topological entropy of f is defined as htop(g) = htop(g,M). The topological
entropy of a continuous flow equals to the topological entropy of its time-one map.
Let µ be an invariant measure and A a finite partition, the metric entropy of µ
corresponding to the partition A is defined as
hµ(A) = lim
n
−
∑
µ(Bn,i) logµ(Bn,i),
where Bn,i are elements of partition
An−10 = A ∨ g
−1A ∨ · · · ∨ g1−nA.
The metric entropy of an invariant measure µ is defined as
hµ = sup
A finite partition
{hµ(A)}.
By the variational principle, htop(g) = supµ∈Minv(g) hµ, where Minv(g) denotes
the space of invariant probability of g. Metric entropy is not necessary to be upper
semi-continuous depending on the invariant measures, and the topological entropy
may not be achieved by any metric entropy, e.g., see [32, 14].
For each x ∈ M and ε > 0, let B∞(x, ε) = {y : d(gn(x), gn(y)) ≤ ε for n ∈ Z}.
g is (ε-)entropy expansive if
sup
x∈M
htop(g,B∞(x, ε)) = 0.
For ε > 0, we say g is ε-almost entropy expansive if for any invariant ergodic
measure µ of g and µ almost every point x ∈M , we have htop(g,B∞(x, ε)) = 0.
A new criterion of entropy expansiveness was given in [22][Proposition 2.4]:
Lemma 2.7. g is ε-almost entropy expansive if and only if it is ε-entropy expansive.
The positivity of topological entropy of Theorem A depends on the following
theorem, whose proof, as well as ones for the Corollaries 2.10, 2.11, will be given in
Section 3.
Theorem 2.8. Suppose g is a diffeomorphism which admits a dominated splitting
E ⊕ F . Then htop(g) ≥ vF .
Shub [37] has conjectured an estimation of lower bound of topological entropy:
the topological entropy is bounded from below by the spectral radius in homology
(see also Shub, Sullivan [38]).
Let d = dimM and g∗,k : Hk(M,R) → Hk(M,R), 0 ≤ k ≤ d be the action
induced by g on the real homology groups of M . Let
sp(g∗) = max
0≤k≤d
sp(g∗,k),
where sp(g∗,k) denotes the spectral radius of g∗,k. The Shub entropy conjecture
states that:
Conjecture 2.9. For every g ∈ Diff1(M), htop(g) ≥ log sp(g∗).
This conjecture has been proved for C∞ maps in [46] and for diffeomorphims
away from tangencies in [22]. The history and more references on the Shub entropy
conjecture can be found in [22]. As an immediate corollary of Theorem 2.8, we
obtain a partial answer to the Shub entropy conjecture.
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Corollary 2.10. Suppose g is a diffeomorphism which admits a dominated splitting
E ⊕ F , then
(1) htop(g) ≥ log sp(g∗,dim(F )).
Theorem 2.8 and Corollary 2.10 were first stated in [33], but their proof only
works when the bundle F is uniformly expanding (see the estimation of Bowen ball
in the proof of [33][Proposition 2]), we will give more explanation in Remark 3.2.
It was shown in [7] that every C1 robustly transitive diffeomorphism admits a
dominated splitting, and the extreme bundles are volume hyperbolic. As a corollary
of Theorem 2.8, we prove that:
Corollary 2.11. Suppose g is a robust transitive diffeomorphism. Then its topo-
logical entropy is positive.
New results on entropy expansiveness for partially hyperbolic diffeomorphisms
can also be found in [12] and [13].
2.3. Ergodic theory for flows. In this subsection, we state the results of ergodic
theory for flows which will be used later. Throughout this subsection, Λ denotes a
compact invariant set of the flow φt, and µ is a non-trivial invariant measure of φt,
i.e., µ(Sing(X)) = 0.
Definition 2.12. We say Λ admits a dominated splitting E ⊕ F if this splitting is
invariant for Φt, and there exist C > 0 and λ < 1 such that for every x ∈ Λ, and
every pair of unit vectors u ∈ E(x) and v ∈ F (x), one has
‖(Φt)x(u)‖ ≤ Cλ
t‖(Φt)x(v)‖ for t > 0.
We will see that in the above definition, the assumption of the invariance of the
splitting is not necessary.
Lemma 2.13. E ⊕ F |Λ is a dominated splitting for the flow φt|Λ if and only if it
is a dominated splitting for the time-one map f |Λ. Moreover, if φt|Λ is transitive,
then we have either X |Λ\Sing(X) ⊂ E or X |Λ\Sing(X) ⊂ F .
Proof. The proof of the ‘only if’ part is trivial. Now we assume E ⊕ F |Λ is a
dominated splitting for f |Λ. Then, by the commutative property between f and
φt, it is easy to see that, the splitting Φt(E)⊕Φt(F )|Λ is also a dominated splitting
for f |Λ.
Because the dominated splitting of fixed dimension is unique, we conclude that
this splitting E ⊕ F |Λ is invariant for Φt. Therefore, E ⊕ F |Λ is also a dominated
splitting for φt|Λ.
Now suppose φt|Λ is transitive. Take x ∈ Λ\Sing(X) such that Orb
+(x) is dense
in Λ. If X(x) /∈ E(x) ∪ F (x), by the domination, for t sufficient large, X(φt(x)) is
close to F (φt(x)). We take t0 large such that φt0(x) is close to x, then X(φt0(x)) is
close to X(x) and F (φt0(x)) is close to F (x), which implies in particular that X(x)
is arbitrarily close to F (x), a contradiction.
Because Orb+(x) is dense, by the continuation of flow direction and the subbun-
dles E and F , forX(x) ∈ E(x) orX(x) ∈ F (x), we may show thatX |Λ\Sing(Xt) ⊂ E
or X |Λ\Sing(Xt) ⊂ F respectively. The proof is complete. 
Definition 2.14. The topological entropy (resp. metric entropy) of a continuous flow
equals to the topological entropy (resp. metric entropy) of its time-one map. A
flow is ε-entropy expansive if its time-one map is ε-entropy expansive.
Lemma 2.15. Let µ be an ergodic invariant measure of φt, and µ˜ be an ergodic
component of µ for the diffeomorphism f . Then hµ(φt) = hµ˜(f).
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Proof. Observe that µ˜t = (φt)∗µ˜ is also an f -invariant measure and
µ =
∫
[0,1]
(φt)∗µ˜tdt.
It is easy to show hµ˜t(f) = hµ˜(f) by the following observation: for any partition
A = {A1, . . . , Ak}, write At = {φt(A1), . . . , φt(Ak)}, then µ˜(Ai) = µ˜t(φt(Ai)).
Because metric entropy is an affine function respect to the invariant measures,
hµ(f) =
∫
[0,1]
hµ˜(f)dt = hµ˜(f) = hµ˜(φt).

As a corollary of the above lemma, we state the following two results in the
version for flows.
Lemma 2.16. ([9]) Suppose the flow φt is entropy expansive, then the metric
entropy function is upper semi-continuous. In particular, there exists a maximal
measure.
Lemma 2.17. ([22][Lemma2.3]) Let U be a C1 open set of flows which are δ-
entropy expansive for some δ > 0. Then the topological entropy varies in an upper
semi-continuous manner for flows in U .
The linear Poincare´ flow ψt is defined as following. Denote the normal bundle
of φt over Λ by
NΛ = ∪x∈Λ\Sing(X)Nx,
where Nx is the orthogonal complement of the flow direction X(x), i.e.,
Nx = {v ∈ TxM
d : v⊥X(x)}.
Denote the orthogonal projection of TxM to Nx by pix. Given v ∈ Nx, x ∈
Md \ Sing(X), ψt(v) is the orthogonal projection of Φt(v) on Nφt(x) along the
flow direction, i.e.,
ψt(v) = piφt(x)(Φt(v)) = Φt(v)−
< Φt(v), X(φt(x)) >
‖X(φt(x))‖2
X(φt(x)),
where < ., . > is the inner product on TxM given by the Riemannian metric. The
following is the flow version of Oseledets theorem.
Proposition 2.18. For µ almost every x, there exist k = k(x) ∈ N, real number
λˆ1(x) > · · · > λˆk(x) and a measurable splitting
Nx = Eˆ1x ⊕ · · · ⊕ Eˆ
k
x
such that this splitting is invariant under ψt, and
lim
t→±∞
1
t
log ‖ψt(vi)‖ = λˆi(x) for every non-zero vi ∈ Eˆ
i(x).
Now we state the relation between Lyapunov exponents and the Oseledets split-
ting for φt and for f :
Theorem 2.19. For µ almost every x, denote λ1(x) > · · · > λk(x) the Lyapunov
exponents and the Oseledets splitting TxM = E
1
x ⊕ · · · ⊕ E
k
x of µ for f . Then
Nx = pix(E1x)⊕· · ·⊕pix(E
k
x) is the Oseledets splitting of µ for φt. And the Lyapunov
exponents of µ counted with multiplicity for the flow φt is a subset of the exponents
of f by removing one of the zero exponent which comes from the flow direction.
Definition 2.20. µ is called a hyperbolic measure for flow φt if it is an ergodic
measure of φt and all the exponents are non-vanishing. We call the number of the
negative exponents of µ, counted with multiplicity, its index.
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2.4. Lorenz-like classes. We will prove that Lorenz-like class is always entropy
expansive. This is a generalization of the result in [4], where expansiveness has
been shown for every 3-dimensional Lorenz attractor.
Proposition 2.21. Let Λ be a Lorenz-like class. Then there are δ > 0 and a
neighborhood U of Λ, such that φt|U is δ-entropy expansive. Moreover, if Λ is a
quasi attractor and Sing(X)∩Λ consists of only hyperbolic singularities, then there
is a C1 neighborhood U of X, such that the flows generated by vector fields in U
restricted on U are all δ-entropy expansive.
The proof of Proposition 2.21 will be given in Section 4. By Lemmas 2.16
and 2.17, entropy expansiveness implies the metric entropy and topological entropy
vary in an upper semi-continuous manner. This fact is important for us to prove
that the topological entropy of any Lorenz-like class is positive. The lower semi-
continuation of the topological entropy comes from a similar argument as Katok [20]
and a shadowing lemma of Liao [26], which permits the pseudo orbit to pass near
singularities.
Theorem 2.22. Let Λ be a compact invariant set of flow φt and admit a dominated
splitting E ⊕ F . Suppose µ is a non-trivial hyperbolic ergodic measure of φt with
positive entropy and index dim(E). Then for any n > 0, there is a hyperbolic set
Λn arbitrarily close to supp(µ) such that htop(φt|Λn) > htop(φt|supp(µ))−
1
n .
Theorem 2.22 and the Corollary 2.24 are proved in Section 5.
Remark 2.23. We need to note that, the original argument of [20] cannot be applied
directly on flows, even for the flows which are uniformly hyperbolic. The obstruc-
tion comes from the difference of the shadowing lemmas for diffeomorphisms and
for flows. In the latter case, the period of periodic pseudo orbit and the period of
the shadowing periodic orbit are in general different. The key point of our argu-
ment is that, we need an uniform estimation on the difference of the times– (d) of
Theorem 5.1. As far as the author knows, this estimation is new.
Immediately, we have the following corollary, which is similar to [35][Theorem
5.6]. The difference is that here we permit the singularities to be non-hyperbolic.
Corollary 2.24. Under the assumptions of Theorem 2.22, the chain recurrent class
of Λ contains a non-trivial homoclinic class.
We need the following theorem from [35]:
Theorem 2.25 ( [35] Theorem C). There is a residual subset R1 of star flows, such
that for every flow contained in R1, its non-trivial Lyapunov stable chain recurrent
classes are all Lorenz-like.
In Appendix B, we will also show that:
Theorem 2.26. There is residual subset R2 of C
1 flows, such that for every flow
contained in R2, if Λ is a Lorenz-like class which contains a periodic orbit, then it
is an attractor.
3. Positive entropy
In this section, we give the proof of Theorem 2.8, Corollaries 2.10 and 2.11. We
assume g is a diffeomorphism which admits a dominated splitting E ⊕ F , a and ε0
are defined as in Subsection 2.1. K0 is given by Lemma 2.4.
Lemma 3.1. Suppose D is a disk with dimension dim(F ) and tangent to local F
cone. Then for any x ∈ D and ε < ε0‖g‖C1
, one has vol(gn(D ∩Bn(x, ε))) ≤ K0.
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Without the assumption on dominated splitting, the previous lemma is false even
for analytic diffeomorphism, e.g., see [10].
Proof. By the definition of dynamical ball Bn(x, ε) and Lemma 2.5, Dn = f
n(D ∩
Bn(x, ε)) is tangent to local F cone and is contained in Bε(x). By Lemma 2.4, the
volume of Dn is bounded by K0.

Remark 3.2. As we mentioned in the introduction, the proofs of [33] about Theo-
rem 2.8 and Corollary 2.10 do not work. A main reason is because in their proof
of [33][Proposition 2], they need fn(D∩Bn(x, ε)) to be almost a ball, which occurs
only when the bundle F is uniformly expanding. In general, this set is even not
connected.
Proof of Theorem 2.8 : For any δ > 0, choose D a disk which is tangent to the F
cone and satisfies vF (D) ≥ vF (f)− δ, that is:
lim sup
n
1
n
log(vol(fn(D))) ≥ vF − δ.
Take ε > 0 and Γn = {x1, . . . , xrn(D,ε)} an (n, ε)-spanning set of D. By
Lemma 3.1, vol(fn(D ∩ Bn(x, ε))) ≤ K0. Observe that {Bn(xi, ε)}
rn(D,ε)
i=1 is a
cover of D, we have
vol(fn(D)) ≤
∑
i
vol(fn(D ∩Bn(xi, ε))) ≤ K0rn(D, ε).
Hence,
lim sup
n
1
n
log(rn(D, ε)) ≥ lim sup
1
n
log(vol(fn(D))/K0)
= lim sup
1
n
log(vol fn(D)) ≥ vF − δ.
This implies that htop(g,D) ≥ vF − δ. Since δ can be chosen arbitrarily small, we
conclude the proof of Theorem 2.8.

Now let us begin the proof of Corollaries 2.10 and 2.11:
Proof of Corollary 2.10: It is well known that the supremum of volume expansion
of disks with dimension dim(F ) is larger than or equal to sp(f∗,dim(F )) (for example,
see p.287 [46]). Now we will show that the same proof also provides that
vF (f) ≥ sp(f∗,dim(F )).
As explained in [46]: the norm of the homology class is bounded by integrals of
some fixed differential forms on this class; these integrals, in turn, are bounded by
the volume of the chain, representing this class. We may choose a chain such that
every simplex is transverse to the E bundle. Because of the dominated splitting,
under the iteration of f , the image of every simplex is finally tangent to the F cone.
Hence, their volume expansion speed will be bounded by vF (f). Then the previous
argument still works here.
As a corollary of Theorem 2.8, we show that htop(f) ≥ sp(f∗,dim(F )).

Proof of Corollary 2.11: Because f is robustly transitive, by [7], f admits a dom-
inated splitting E1 ⊕ · · · ⊕ Ek where E1 is volume contracting and Ek is volume
expanding. More precisely, there is λ < 1 and C > 0 such that for any x ∈M
det(Dfn|E1(x)) < Cλ
n and det(Dfn|Ek(x)) > Cλ
−n.
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Now we claim that vEk(f) ≥ − logλ. Then by Theorem 2.8, we finish the proof.
It remains to prove this claim. Take D any disk tangent to F cone. By the
invariance of F cone, fn(D) is still tangent to F cone for any n > 0. Then the
determine of the tangent map of fn|D is close to det(Dfn|F ), which means that
vol(fn(D)) ≥ Cλ−n.
Hence vF (D) = lim sup
1
n log vol(f
n(F )) ≥ − logλ.

4. Entropy expansiveness
Throughout this section, let Λ be a Lorenz-like class which admits a sectional-
hyperbolic splitting Es ⊕ F cu.
The structure of this section is the following. In Subsection 4.1, we use Propo-
sition 2.21 to prove Theorem A. The proof of Proposition 2.21 on the entropy
expansiveness of Lorenz-like class will be given in Subsection 4.2.
4.1. Proof of Theorem A. First let us recall the proof of Theorem 2.8, where we
only use the forward invariance of the F cone. In a small attracting neighborhood
of Λ, the F cone is well defined and forward invariant, hence, Theorem 2.8 still
works.
Proof of Theorem A:. By the definition of Lorenz-like class, Λ is a compact invari-
ant set of the time-one map f and admits a dominated splitting Es ⊕ F cu, where
F cu is volume expanding. We take a forward invariant F cu cone on Λ.
Let {Ui}∞i=1 be a sequence of neighborhoods of Λ as in Definition 1.1, i.e., they
satisfy:
• U1 ⊃ U2 . . . and ∩Ui = Λ;
• fn(Ui+1) ⊂ int(Ui) for any i, n ∈ N.
Assume U1 is sufficiently small, we may extend the F
cu cone to U1 which is still
forward invariant. Then for any disk D ⊂ U1 which is tangent to F cone, fn(D) is
still tangent to F cone. Moreover, because F cu|Λ is volume expanding, there exist
C > 0 and 0 < λ < 1 such that:
vol(fn(D)) ≥ Cλ−n.
This implies vF (D) ≥ − logλ.
For each i ∈ N, applying Theorem 2.8 on f |Ui , we deduce that htop(f |Ui) ≥
− logλ. By the variation principle, there is an f ergodic invariant measure µi
supported on Ui with hµi(f) ≥ − logλ−
1
i . Replacing by a subsequence, we suppose
that µi → µ0 in the weak-* topology, where µ0 is an invariant measure supported
on Λ. As shown in Lemma 2.16, entropy expansiveness implies the metric entropy
function is upper semi-continuous, this implies that hµ0(f) ≥ − logλ. Therefore,
by the definition of topological entropy for flows, we conclude that
htop(φt|Λ) = htop(f |Λ) ≥ hµ0(f) ≥ − logλ,
the proof is complete. 
4.2. Entropy expansiveness. Let U be a small neighborhood of Λ, such that the
maximal invariant set of φt|U , denoted by Λ˜, is sectional-hyperbolic. This means,
φt|Λ˜ admits a dominated splitting E
s ⊕ F cu and there is 0 < λ0 < 1 such that, for
any 2-dimensional subspace Σx ⊂ F
cu(x) (x ∈ Λ˜), we know that det(Tfx|Σx) >
1
λ0
.
We may assume the above inequality also holds for any 2-dimensional subspace
contained in 2a0 F
cu-cone for a0 sufficiently small. In order to simplify the notation,
we write briefly xt = φt(x).
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The proof of Proposition 2.21 occupies the rest of this subsection. We need
notice that although this result holds for flow, in the proof, we will only consider
the time-one diffeomorphism. The main reason is because we need use the fake
foliations, which are locally invariant for the diffeomorphism, but not for the flow!
Now let us sketch the proof.
Although the singularities can be non-isolated–by non-hyperbolicity, in Subsub-
section 4.2.1 we will show that typical points of Λ˜ can only approach finitely many
singularities in Sing(X). Let us explain this fact with more details. It will be
shown that f |Sing(X)∩Λ˜ admits a partially hyperbolic splitting with a 1-dimensional
center direction, and the singularities are either isolated or contained in finitely
many center segments. Moreover, typical points of Λ˜ cannot approach the interior
of each center segment, and when a singularity is approached by a typical point
from one direction along the center, then the corresponding branch of center leaf is
(topologically) contracting and with uniform size.
As a standard argument in [22], the infinite Bowen ball is contained in a fake
cu leaf. In Subsubsection 4.2.2, we will see that the distance between different flow
orbits contained in the same infinity Bowen ball is expanding. There are two kinds
of analysis: the orbits are away from singularities or close to singularities. We
need notice the reader that, in the latter case, we cannot use linearization for the
dynamics close to a singularity, because which can not be hyperbolic. In fact, a
new argument is used to analyze these orbits which are close to singularities. More
precisely, we use two different kinds of fake foliations– the fake foliations defined in
a neighborhood of singularities which come from the partially hyperbolic splitting
on Sing(X); and the fake foliations come from the dominated splitting on Λ˜–to
build a local product structure in cu leaves.
In Subsubsection 4.2.3, we give the proof of Proposition 2.21.
4.2.1. Singularities and center segments.
Lemma 4.1. f |Sing(X)∩Λ˜ admits a partially hyperbolic splitting E
s⊕Ec⊕Eu, where
Ec is a 1-dimensional bundle corresponding to an eigenvalue with norm less than
or equal to one.
Proof. We will only prove that the singularities contained in Λ admit such a par-
tially hyperbolic splitting. This is because when we choose U sufficiently small,
Sing(X)∩ Λ˜ is contained in a small neighborhood of Sing(X)∩Λ, and then induced
the same partially hyperbolic splitting.
Recall that Λ admits a dominated splitting Es ⊕ F cu where F cu is sectional-
expanding. It suffices to prove that for any singularity σ ∈ Λ, Tf |F cu(σ) has one
eigenvalue with norm less than or equal to one. Suppose this fact and denote Ec
the direction of the eigenvector. Then the splitting F cu|Sing(X)∩Λ = E
c ⊕ Eu is
continuous, invariant, and the latter subbundle is uniformly expanding. Therefore
this splitting is a dominated splitting, and Es ⊕ Ec ⊕ Eu is the corresponding
partially hyperbolic splitting on Sing(X) ∩ Λ.
It remains to show that for any singularity σ ∈ Λ, Tf |F cu(σ) has a eigenvalue with
norm less than or equal to one. Suppose by contradiction that there is a singularity
σ ∈ Λ such that Tf |F cu(σ) is uniformly expanding. Then σ is an isolated hyperbolic
saddle of f . We claim that Λ ∩ (W s(σ) \ σ) 6= ∅.
The proof of this claim is standard. By the definition of Lorenz-like class, Λ
contains a regular point x. Then for any n ∈ N, there is a 1n pseudo orbit {φt(x); 0 ≤
t ≤ t1}; . . . ; {φt(x
kn); 0 ≤ t ≤ tkn} contained in Λ with t1, . . . , tkn ≥ 1 such that
d(φtkn (x
kn), σ) ≤ 1n . Let y
n be the last time this pseudo orbit enters Bε(σ) for
some small ε. By taking a subsequence, we may assume that lim yn = y0. Then
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y0 ∈ Λ \ σ and φt(y0) ∈ Bε(σ) for any t > 0. This implies that y0 ∈ W s(σ) \ σ,
which proves the claim.
By the invariance of the stable manifold of σ, φt(y
0) ⊂ W s(σ) for t ∈ R. This
implies in particular that X(y0) is contained in the Es cone. Take a local orbit
l = (φt(y
0))t∈[−δ,δ], which is tangent to E
s cone. By the expansion of vectors in
C(Es) under the iteration of f−1, length(f−n(l))→∞, which contradicts the fact
that
(2) length(f−n(l)) ≤
max{‖X(x)‖;x ∈ Λ}
min{‖X(y)‖; y ∈ l}
length(l)
is uniformly bounded. 
The bundles in a dominated splitting are in general not integrable. The following
lemma was borrowed from [22][Lemma 3.3] (see also [11][Proposition 3.1]) which
shows that one can always construct local fake foliations. Moreover, these fake
foliations have local product structure, and this structure is preserved as soon as
they stay in a neighborhood.
Lemma 4.2. [[22][Lemma 3.3]] Let K be a compact invariant set of f . Suppose
K admits a dominated splitting TKM = E
1 ⊕E2 ⊕E3. Then there are ρ > r0 > 0
such that the neighborhood Bρ(x) of every x ∈ K admits foliations F1x,F
2
x,F
3
x ,F
12
x
and F23x such that for every y ∈ Br0(x) and ∗ ∈ {1, 2, 3, 12, 23}:
(i) F∗x(y) is C
1 and tangent to the respective cone.
(ii) f(F∗x(y, r0)) ⊂ F
∗
f(x)(f(y)) and f
−1(F∗x(y, r0)) ⊂ F
∗
f−1(x)(f
−1(y)).
(iii) F1x and F
2
x subfoliate F
12
x and F
2
x and F
3
x subfoliate F
23
x .
Remark 4.3. In the following proof, we will consider two kinds of fake foliations:
• The partially hyperbolic splitting Es⊕Ec⊕Eu on the singularities Sing(X)∩
Λ˜ induces fake foliations Fˆ i i = s, c, u, sc, cu, where Fˆs and Fˆu have con-
tracting and expanding property.
• The dominated splitting Es⊕F cu on Λ˜ induces fake foliations F˜s and F˜cu.
We note that the proposition (ii) above may not hold for flows, i.e., the fake foliation
does not preserved by φt when t /∈ Z. Moreover, the flow orbit is not even locally
saturated by F˜cu leaf. In fact, the fake foliations depends on extension of the
dynamics in the tangent bundle (see [11][Proposition 3.1]), which is in general not
preserved by the flow.
The following lemma provides an important observation on infinity Bowen ball,
a proof can be found in the proof of [22][Theorem 3.1], which is based on the local
product structure and hyperbolicity of F˜s:
Lemma 4.4. For any x ∈ Λ˜, B∞(x, r0) ⊂ F˜cux (x).
As an immediately corollary of Lemma 4.4, we obtain a kind of weak saturated
property for cu fake leaf F˜cu(x):
Corollary 4.5. There is r1 > 0 such that for any y ∈ B∞(x, r0/2), yt ∈ F˜cux (x)
for |t| ≤ r1.
Proof. Denote D0 = maxx∈M ‖X(x)‖ and r1 =
r0
2D0
. Then for any |t| ≤ r1, the
segment of flow orbit between fn(yt) and f
n(y) has length bounded by r1D0 ≤ r0/2.
Hence,
d(fn(x), fn(yt)) ≤ d(f
n(x), fn(y)) + d(fn(y), fn(yt)) ≤ r0.
Which implies that yt ∈ B∞(x, r0) ⊂ Fˆcu(x) for |t| ≤ r1.

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The discussion of the infinity Bowen ball of a singularity is the same as that in
[22][Theorem 3.1]:
Lemma 4.6. There is L > 0 such that for any singularity σ ∈ Λ˜, B∞(σ, r0/2) is
a single point or a 1-dimensional center segment with length bounded by L. In the
latter case, the center segment consists singularities and saddle connections.
Remark 4.7. By Lemma 4.6, Sing(X) ∩ Λ˜ ⊂ {σ˜1, . . . , σ˜m} ∪ I1 ∪ · · · ∪ It where
{σ˜1, . . . , σ˜m} are finite isolated singularities, and {I1, . . . , It} are center segments
tangent to the center direction. Moreover, each center segment Ii is fixed by f and
contained in B∞(σi, r0/2) for some singularity σi ∈ Ii. We assume that different
center segments Ii 6= Ij only intersect on the boundary points, which are singular-
ities. By a double covering, we may always suppose Ec is orientable and call the
boundary points of each center segment Ii by the left extreme point σ
−
i and the
right extreme point σ+i .
Now we give more description for the dynamics close to the center segments.
Consider the fake leaf Fˆcuσi (σi) which contains Ii. Define:
Wuuδ (Ii) = ∪x∈IiFˆ
u
σi(x, δ) ⊂ Fˆ
cu
σi (σi) and Ni(δ) = ∪y∈Wuuδ (Ii)Fˆ
s
σi(y, δ).
Lemma 4.8. There are δ, r2 > 0 and center segments Ii,j ⊂ Ii for 1 ≤ j ≤ ki such
that length(Ii,j) < r2, Sing(X) ∩ Ii = Sing(X) ∩ (∪jIi,j) and for any non-trivial
ergodic measure µ of φt, one has µ(Ni,j(δ)) = 0 for each Ii,j .
Proof. There is ε > 0 such that for any z ∈ Fsr0(σ) \ F
s
r0/2
(σ) where σ belongs to
Sing(X) ∩ Λ˜, and for any z
′
∈ Bε(z), X(z
′
) is tangent to the Es cone.
Take r2 > 0 such that for any x, y ∈ Ii with d(x, y) < r2 and for any z ∈
Fˆsσ(x, r0)\Fˆsσ(x, r0/2), there is z
′
∈ Fˆsσ(y, r0)\Fˆsσ(y, r0/2) satisfying d(z, z
′
) < ε.
Recall that Ii ⊂ B∞(σi, r0/2) is invariant and f |Ii is partially hyperbolic. By
the stable manifold theorem ([19]) for normally hyperbolic submanifold Ii, for any
x ∈ Ii, Fˆsσ(x) is the local strong stable manifold of x. Similar property holds for
the local strong unstable manifold. Moreover,
W sloc(Ii) = ∪x∈IiFˆ
s
σ(x, r0) and W
u
loc(Ii) = ∪x∈IiFˆ
u
σ (x, r0).
Choose finite sub-segments (Ii,j)
ki
j=1 such that
• length(Ii,j) < r2;
• the boundary points of each Ii,j are singularities, and different subsegments
only intersect on the boundary points;
• Sing(X) ∩ Ii = Sing(X) ∩ (∪jIi,j).
Suppose there are δn → 0 such that µ(Ni,j(δn)) > 0. Since µ is a non-trivial
ergodic measure, µ(W sloc(Ii,j)) = µ(W
u
loc(Ii,j)) = 0. There exists
xn ∈ Ni,j(δn) \ (W
s
loc(Ii,j) ∪W
u
loc(Ii,j)).
By [19], the negative iteration of xn must leave Ni,j(r0). Take tn < 0 the last time
such that fm(xn) ∈ Ni,j(r0) for any tn ≤ m ≤ 0. Then tn → −∞ and we may
suppose
f−tn(xn)→ x∗ ∈ W sloc(Ii,j) \ Ii,j .
As discussed before, for n is sufficiently large, X(f tn(xn)) is tangent to Es cone.
Denote by lδ = (φt(f
tn(xn)))|t|≤δ. Then for δ sufficiently small, lδ is tangent to the
Es cone. It follows easily that limm→∞ length f
tn−m(lδ) → ∞, which contradicts
the fact that the length of any image of a flow orbit with bounded length is always
bounded, as explained in the last paragraph of the proof of Lemma 4.1. 
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From now on, we treat every isolated singularity as a trivial center segment.
Re-order the center segments {Ii,j} by {Ii}1≤i≤t and choose a singularity σi inside
each Ii. From the construction, length(Ii) < r2 for every Ii. Lemma 4.8 shows
that, for any non-trivial ergodic measure supported in U , its generic point can
only approach the extreme singularities of every center segment from their half
neighborhoods which is defined as following. Let σ+i be a right extreme point of
Ii, ∪y∈Fˆuσi (σ
+
i ,r0)
Fˆsσi(y, r0) is a topological codimension-one disk, which separates
Br0(σ
+
i ) into two connect components, the right neighborhood of σ
+
i , denoted by
Brr0(σ
+
i ), is just the the right component. In a similar way, we may define the left
neighborhood Blr0(σ
−
i ) for the left extreme point σ
−
i .
In the following proof, we only consider the right extreme points, similar results
always hold for the left ones.
Lemma 4.9. There is δ > 0 such that for every non-trivial ergodic measure µ of
φt and for every center segment Ii, if µ(B
r
δ (σ
+
i )) > 0, then the right branch of the
center leaf Fˆcσi(σ
+
i , r2), denoted by Fˆ
c,+
σi (σ
+
i , r2), is topologically contracting.
Proof. Since there are only finitely many extreme points, it suffices to prove only
for one right extreme point σ+i .
First observe that there are no singularities contained in Fˆc,+σi (σ
+
i , r2). Suppose
such a singularity does exist, there is a center segment connecting this singularity
and σ+i from the right. Then the proof of Lemma 4.8 implies that generic point of
µ cannot approach σ+i from the right, a contradiction.
Because Fˆc,+σi (σ
+
i , r2) is invariant and contains no singularities, it is topologically
expanding or contracting. Assume it is topologically expanding, then Fˆcu,+σi (σ
+
i , r2)
belongs to the unstable set of σ+i . We claim that there is δ
′
> 0 such that
µ(Br
δ′
(σ+i )) = 0. Then we may take δ < δ
′
and conclude the proof.
It remains to prove this claim. Suppose there are positive numbers lim δ
′
n → 0
such that µ(Br
δ′n
(σ+i )) > 0. Because µ is non-trivial, we may assume there are µ
generic points
xn ∈ Br
δ′n
(σ+i ) \ (W
u(σ+i ) ∪ F
s(σ+i )).
Consider tn < 0 the last time such that f
m(xn) ∈ Brr0(σ
+
i ) for any tn ≤ m ≤ 0. It
is easy to see that tn →∞. By the topological expansion of Fˆcu,+σi (σ
+
i , r2), we may
suppose f−tn(xn)→ x∗ ∈ Fs(σ+i ).
The rest proof is the same as the last paragraph of the proof of Lemma 4.1: for
n sufficiently large, f tn(xn) is close to x∗ and X(f−tn(xn)) is tangent to Es cone.
This is a contradiction, since the length of a small segment of the flow orbit which
contains f−tn(xn) grows exponentially fast. The proof is complete. 
Lemmas 4.8 and 4.9 explain to us that the generic point of any non-trivial ergodic
measure can only approach finitely many half neighborhood of singularities which
are topologically ‘hyperbolic’.
Take δ0 < r2 satisfying Lemmas 4.8 and 4.9. From now on, we rename the
half neighborhoods of the extreme points by Bhδ0(σ1), . . . , B
h
δ0
(σk). Note that, in
this notation, when we are talking about the two half neighborhoods of the same
isolated singularity, we give different name for this singularity.
4.2.2. Expanding in a cu fake leaf. In this subsubsection, we will build the expan-
sion of the distance between different flow orbits contained in the same infinity
Bowen ball. The discussion can be divided into two cases: the orbits are away from
singularities (Lemma 4.13), and are close to singularities (Lemma 4.17). We need
the following notation:
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Definition 4.10. For x ∈ U \ Sing(X), write B⊥δ (x) = expx(Nx(δ)). And for y ∈
B⊥δ (x)∩F˜
cu(x), denote by d∗x(x, y) the distance between x and y in the submanifold
B⊥δ (x) ∩ F˜
cu(x).
Lemma 4.11. For any ε > 0 and L > 0, there is δ > 0 such that for every
x ∈ Λ˜ \Bε(Sing(X)) and y ∈ F˜cux (x) ∩B
⊥
δ (x), we have
d(x, y) < d∗x(x, y) < Ld(x, y).
Proof. This comes from the continuity of F˜cux (x) in the C
1 topology.

Definition 4.12. For any regular point x ∈ U , denote Px the projection along the
flow:
Px : Bδ(x)→ B
⊥
r0(x)
which is defined in a neighborhood of x. For any point y in this neighborhood,
define tx(y) the time which satisfies ytx(y) = Px(y).
Lemma 4.13. For ε > 0 and 1 < b0 <
1
λ0
, there is δ > 0 such that for any x
satisfying (xt)t∈[0,1] ⊂ Λ˜ \Bε(Sing(X)), and for any y ∈ B∞(x, δ):
d∗x1(x1, Px1(y1)) > b0
‖X(x)‖
‖X(x1)‖
d∗x(x, Px(y)).
Proof. Write C = ( 1λ0b0 )
1/6 and take 0 < t0 < min{
r0
2 ,
r1
2 } such that for any 2-
dimensional subspace Σ in the tangent space, 1/C < Jac(Φt|Σ) < C for any |t| < t0.
For two vectors u, v ∈ TxM , denote by P [u, v] the parallelogram defined by these
two vectors and A(u, v) its area.
When δ > 0 is small, for y ∈ B∞(x, δ), |tx(y)|, |tx1(y1)| < t0. Then by Corol-
lary 4.5, Px(y) ∈ F˜cux (x) ∩B
⊥
r0(x) and Px1(y1) ∈ F˜
cu
x (x) ∩B
⊥
r0(x).
There is 0 < ε1 ≪ r0/2 which depends on ε and b0, such that for any z ∈ B⊥ε1(xt),
the following conditions are satisfied:
(a) 1C <
‖X(z)‖
‖X(xt)‖
< C.
(b) For v ∈ TzB⊥ε1(xt), we have
1
C ‖v‖‖X(z)‖ ≤ A(v,X(z)) ≤ C‖v‖‖X(z)‖.
We may further suppose that δ is sufficiently small, such that d∗x(x, Px(y)) < ε1,
d∗x1(x1, Px1(y1)) < ε1 and by Lemma 4.11:
d(x, Px(y)) < d
∗
x(x, Px(y)) < Cd(x, Px(y)),
d(x1, Px1(y1)) < d
∗
x1(x1, Px1(y1)) < Cd(x1, Px1(y1)).
(3)
Moreover, take a curve l˜1 ⊂ B⊥ε1(x1) ∩ Fˆ
cu
x1 (x1) which links x1 and Px1(y1) with
length(l˜1) = d
∗
x1(x1, Px1(y1))), and write l˜0 = f
−1(l˜1) and l = Px(l˜0), we suppose
|tx|l˜0 | ≤ t0 and l ⊂ B
⊥
ε1(x). Then l is a curve contained in B
⊥
ε1(x) which connects
x and Px(y). We note that although by the local invariance, l˜0 ⊂ F˜cux (x), l is not
necessary contained in F˜ cux (x). Denote H the smooth holonomy map between l˜1
and l which is induced by flow, then H(Px1(y1)) = Px(y). We claim that
‖dH‖ ≤ λ0C
5 ‖X(x1)‖
‖X(x)‖
.
Which implies that
d(x, Px(y)) ≤ length(l) ≤ C
5λ0
‖X(x1)‖
‖X(x)‖
d∗x1(x1, Px1(y1)).
16 JIAGANG YANG
Suppose this claim for a while, as a corollary of (3), we conclude the proof of this
lemma:
d∗x(x, Px(y)) < Cd(x, Px(y))
< C6λ0
‖X(x1)‖
‖X(x)‖
d∗x1(x1, Px1(y1))
=
1
b0
‖X(x1)‖
‖X(x)‖
d∗x1(x1, Px1(y1)).
It remains to prove this claim.
For any z˜1 ∈ l˜1, denote v˜ a tangent vector of l˜1, write z˜0 = φ−1(z˜1), z = H(z˜) ∈ l
and v = dH−1(v˜).
Then by sectional-hyperbolic,
A(Φ−1(v˜), X(z˜0)) ≤ λ0A(v˜, X(z˜1)).
Because |tx|l˜0 | < t0, by the assumption on t0,
(4) A(Φtx(z˜0)P [Φ−1(v˜), X(z˜0)]) ≤ Cλ0A(v˜, X(z˜1)).
Since Φtx(z˜0)(Φ−1(v˜)) = Φ−1+tx(z˜0)(v˜) and Φtx(z˜0)(X(z˜0)) = X(z), we have
(5) A(Φtx(z˜0)P [Φ−1(v˜), X(z˜0)]) = A(Φ−1+tx(z˜0)(v˜), X(z)).
Note that dH(v˜) is the projection of Φ−1+tx(z˜0)(v˜) along X(z) on TzB
⊥(x),
combine equations (4), (5), we have that
(6) A(v,X(z)) = A(Φ−1+tx(z˜0)(v˜), X(z)) ≤ Cλ0A(v˜, X(z˜1)).
By the assumptions (a) and (b) above, C−2‖v‖‖X(x)‖ ≤ C3λ0‖v˜‖‖X(x1)‖,
which implies:
‖dHz˜‖ =
‖v‖
‖v˜‖
≤ C5λ0
‖X(x1)‖
‖X(x)‖
.

Lemma 4.14. For every ε > 0, there are δ > 0 and K > 0 such that for any
non-trivial ergodic measure µ which satisfies µ(Bhε (σi)) = 0 for every i = 1, . . . , k,
and for any x ∈ supp(µ), B∞(x, δ) is a flow segment with length bounded by K > 0.
Proof. By Lemma 4.8 and the assumption, supp(µ) is away from singularities. Ap-
ply Lemma 4.13 on {xi; i ∈ N}, there is δ > 0 such that for any y ∈ B∞(x, δ):
d∗xn(xn, Pxn(yn)) > b
n
0
|X(xn)|
|X(x)|
d∗x(x, Px(y)).
Note that supp(µ) ∩ Sing(X) = ∅, X |supp(µ) is uniformly bounded from above
and below. Because d∗xn(xn, Pxn(yn)) is bounded from above, we conclude that
d∗x(x, Px(y)) = 0, i.e., y belongs to the local orbit of x, and there is K > 0 such
that each connected component of Orb(x) ∩ Bδ(x) has length bounded by K. We
complete the proof. 
Now let us deal with the case supp(µ) contains singularities. We will show that
there exists δ > 0 such that for every y ∈ B∞(x, δ), d∗xn(xn, Pxn(yn)) is expanding
when x and xn both are away from singularities.
Definition 4.15. An extreme singularity σi (1 ≤ i ≤ k) is accumulated if there is a
non-trivial ergodic measure µ of φt, such that µ(B
h
δ0
(σi)) > 0.
Remark 4.16. By Lemma 4.9, for each accumulated singularity σi, B
h
δ0
(σi) is topo-
logically hyperbolic.
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For 1 ≤ i ≤ k and 0 < δ ≪ δ0, we consider the set
Jhδ (σi) = {y : y ∈ B
h
δ0(σi) with ‖X(y)‖ ≤ δ}.
There is δ1 > 0 small enough, such that ∂(J
h
δ1
(σi)) ∩ ∂(Bhδ0(σi)) = ∅ where ∂(.)
denotes the boundary of a set.
Lemma 4.17. For every L > 1, there are 0 < ε≪ δ1 and δ > 0 such that for each
accumulated singularity σ and any x ∈ Bhδ0(σ) ∩ Λ˜ which satisfies
• (xt)t∈[0,T ] ⊂ B
h
δ0
(σ) and (xt)t∈[0,T ] ∩B
h
ε (σ) 6= ∅.
• x, xT /∈ Jδ1(σ), (xt)t∈[0,1] ∩ ∂J
h
δ1
(σ) 6= ∅ and (xt)t∈[T−1,T ] ∩ ∂J
h
δ1
(σ) 6= ∅.
then for any y ∈ B∞(x, δ), we have
d∗xT (xT , PxT (yT )) > Ld
∗
x(x, Px(y)).
In order to simplify the proof, we may assume T ∈ N. The following proof
depends on a local product structure in Fcuxn(xn) (n = 0, . . . , T ), which blends two
different families of fake foliations (see Remark 4.3):
• Fˆ iσ (i = s, c, u, cs, cu) which comes from the partially hyperbolic splitting
Es ⊕ Ec ⊕ Eu of the singularities;
• F˜ ix (i = s, cu) which comes from the sectional-hyperbolic splitting E
s⊕Ecu
defined on Λ˜.
Proof of Lemma 4.17: First we define a new 1-dimensional center fake foliation F
c
xt
in F˜cuxt (xt), 0 ≤ t ≤ T which is induced by Fˆ
cs
xt :
F
c
xt(z) = Fˆ
cs
xt (z) ∩ F˜
cu
xt (xt), for every z ∈ F
cu
xt (xt).
By the local invariance of the fake foliations F˜cuxt and Fˆ
cs
xt , the new center fake
foliation is also locally invariant, i.e.
f(F
c
xt,r0(z)) ⊂ F
c
xt+1(z1) for any z ∈ F˜
cu
x,r0 and t ∈ [0, T − 1].
Let D
u
x ∋ x ⊂ F˜
cu
x (x) be a leaf with dimension dim(E
u
σ ) and tangent to the
a0-E
u cone (which is defined near to σ). By the forward invariance of the Eu
cone, this leaf is expanding for fn 0 ≤ n ≤ T and the connected component of
fn(D
u
x) ∩ F˜
cu
xn(xn) which contains xn, denoted by D
u
xn , is still tangent to the E
u
cone. Hence, there is a unique transverse intersection between D
u
xn and F
c
xn(z) for
any z ∈ F˜cuxn(xn, r0), we denote this intersection by
[z, xn] = F
c
xn(z) ⋔ D
u
xn .
This local product structure is preserved by the iteration of f . In fact, by the
local invariance of fake foliation F
c
xn(.) and the expanding property of D
u
xn , for
every y ∈ B∞(x, r0), fn([y, x]) = [yn, xn] for 0 ≤ n ≤ T .
Suppose δ is sufficiently small, there is rδ > 0 such that Pz|Bδ(z) is well defined
and |tz |Bδ(z)| ≪ rδ ≪ r0 for every z ∈ B
h
δ0
(σ) \ Jhδ1(σ). The choice of δ depends
on ε and will be given later. Now consider y ∈ B∞(x, δ) and write y˜T = PxT (yT ).
Then y˜ = f−T (y˜T ) = yt for some |t| < rδ. In particular, by Corollary 4.5, y˜ ∈
F˜cux (x) ∩B∞(x, δ + rδD), recall that D = max ‖X(.)‖.
Denote z˜ = [y˜, x], by the invariance of the product structure, z˜n = [y˜n, xn] for any
0 ≤ n ≤ T . Take l˜T = l˜cT ∪ l˜
u
T a piecewise smooth curve connecting y˜T = PxT (yT )
and xT induced from the local product structure: l˜T = l˜
c
T ∪ l˜
u
T where l˜
c
T ⊂ F
c
xT (y˜T )
connects y˜T and z˜T ; and l˜
u
T is a shortest segment contained in F
u
xT (xT ) which
connects xT and z˜T . For 0 ≤ n ≤ T , write l˜n = l˜
c
n ∪ l˜
u
n a piecewise smooth curve
connects xn and y˜n where l˜
c
n = f
n−T (l˜cT ) and l˜
u
n = f
n−T (l˜uT ). Then l˜
c
n is a fake
center curve contained in F
c
xn(y˜n) which connects y˜n and z˜n. Recall that D
u
xT is
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exponentially contracting under the map fn−T , l˜nu is contained in the fake unstable
leaf D
u
xn . By the uniform transversality between these two fake leaves, there are
C1 > 0 and 0 < λ0 < 1 such that
max{length(l˜u(T )), length(l˜
c
(T ))} ≤ C1d(xT , y˜T ),
length(l˜c(n)) ≤ C1(δ + rδD) and length(l˜
u
n) ≤ λ
n−T
0 length(l˜
u
T ).
(7)
Hence length(l˜(n)) ≤ 2C1(δ+ rδD). Now we give the condition δ need to satisfy.
Let δ be sufficiently small such that:
• Px(l˜0) = l is well defined and |tx|l˜0 | ≤ t0 ≪ r0/4, where t0 satisfies that for
any 2-dimensional subspace Σ contained in the tangent space and for any
|t| ≤ t0, | Jac(Φt|Σ)| ≤ C1.
• by Lemma 4.11:
d(x, Px(y)) ≤ d
∗
x(x, Px(y)) ≤ C1d(x, Px(y))
d(xT , y˜T ) ≤ d
∗
xT (xT , y˜T ) ≤ C1d(xT , y˜T ).
We claim that there is C2 such that
1
C2
<
length(l˜u0 )
length(lu) < C2, which follows from the
observation that the half neighborhood Bhδ0(σ) is topologically hyperbolic, i.e., if we
denote Fˆcs,hσ (σ, r2) the corresponding branch of center stable fake leaf located in the
same side as the half neighborhood, then by Lemma 4.9, Fˆcs,hσ (σ, r2) is contained in
the stable set of σ. When ε is sufficiently small, x is close to Fˆcs,hσ (σ, r2), therefore,
the flow vector X(x) is tangent to the Es ⊕ Ec cone, and is transverse to the Eu
cone. Note that l˜u0 is tangent to the E
u cone, it has a uniform angle with the
flow direction. Then one may apply the idea of the proof in Lemma 4.13. More
precisely, consider the holonomy map between l˜u0 and l
u induced by the flow, we
are going to compare the areas of parallelograms generated by the flow directions
and the tangent vectors. Because the Jacobian restricted on the parallelograms are
bounded, and which are equivalent to the product of length of vector of flow and
the tangent vector, by the reason of the uniform angle between them. We conclude
the proof of this claim.
By the claim above, we deduce that
(8) length(lu) ≤ C2λ
T
0 length(l˜
u
T ).
The estimation of length(lc) is quite different, we use a similar argument as in the
proof of Lemma 4.13. Let us give more explanation. Consider the tangent map of
the holonomy map H : l˜cT → l
c induced by the flow, which contracts exponentially
the area of the parallelogram formed by the tangent vector of l˜cT and the flow vector.
For this parallelogram and its image, both areas are equivalent to the product of
the length of the tangent vector and the length of the flow vector, we conclude the
exponentially contraction of the map H . There is C3 > 0 such that that
(9) length(lc) ≤ length(l˜cT )λ
T
0 C
3
3
‖X(xT )‖
‖X(x)‖
.
Let Cˆ = max{C1, C2, C3}. We now give the condition what ε need to satisfy.
It is easy to see that limε→0 T → ∞. We assume ε is sufficiently small such that
λT0 Cˆ
3(Cˆ2D/δ1 + 1) ≤ L−1, that is, T > −
lnLCˆ3(Cˆ2D/δ1+1)
lnλ0
.
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Because x /∈ Jhδ1(σ), ‖X(x)‖ ≥ δ1. By (7), (8) and (9), one has that
d∗x(x, Px(y)) ≤ Cˆd(x, Px(y)) ≤ Cˆ(length(l
c) + length(lu))
≤ Cˆ[C2λ
T
0 length(l˜
u
T ) + λ
T
0 C
3
3
‖X(xT )‖
‖X(x)‖
length(l˜cT )]
≤ λT0 Cˆ
3(Cˆ2
D
δ1
+ 1)d∗xT (xT , PxT (yT ))
≤
1
L
d∗xT (xT , PxT (yT )).
The proof is finished. 
4.2.3. Proof of Proposition 2.21. Now we are preparing to finish the proof of Propo-
sition 2.21.
Proof of Proposition 2.21: We first prove that φt is entropy expansive restricted on
a small attracting neighborhood of Λ.
By Lemma 2.7, we need show that there is δ > 0 such that for any invariant
ergodic measure µ of f and for µ almost every x ∈M , we have htop(f,B∞(x, δ)) = 0.
Fix 1 < b0 <
1
λ0
. Let
D
′
= min{
‖X(x)‖
‖X(x′)‖
; there are singularities σ, σ
′
such that
x ∈ (φt(∂(J
h
δ1(σ))))t∈[0,1] and x
′
∈ (φt(∂(J
h
δ1(σ
′
))))t∈[−1,0]}.
For L = b0/D
′
, apply Lemma 4.17, we obtain ε and δ. By taking a smaller value,
we assume that δ < r0/2 and satisfies Lemma 4.13 for the ε above.
If µ is trivial, that means, it is an atomic measure supported on a singularity
σ. Then by Lemma 4.6, B∞(x, δ) is a 1-dimensional center segment with length
bounded by L0 > 0, hence has vanishing topological entropy.
From now on, we suppose µ is non-trivial, and x is any generic point of µ. By
Lemma 4.6, we assume that x /∈ Br0(Sing(X)).
Define a sequence of integers 0 ≤ T1 < T
′
1 < T2 < T
′
2 . . . such that for each
n ≥ 1, the following conditions are satisfied:
• (xt)[T ′n,Tn+1] ∩Bε(Sing(X)) = ∅;
• there is a singularity σ such that (xt)[Tn,T ′n] ⊂ B
h
r0(σ) and (xt)[Tn,T ′n] ∩
Bhε (σ) 6= ∅;
• xTn , xT ′n /∈ J
h
δ1
(σ), (xt)[Tn,Tn+1]∩∂J
h
δ1
(σ) 6= ∅ and (xt)[T ′n−1.T
′
n]
∩∂Jhδ1(σ) 6=
∅.
If the above sequence is bounded, this implies that µ(Bε(σ)) = 0. Then by
Lemma 4.14, B∞(x, δ) is a 1-dimensional segment with bounded length, therefore
has topological entropy zero.
Hence we assume the sequence is defined with infinite length. For n ≥ 1, by
Lemma 4.13, we have
d∗xTn+1
(xTn+1 , PxTn+1 (yTn+1)) > b
Tn+1−T
′
n
0
‖X(xTn+1)‖
‖X(xT ′n)‖
d∗x
T
′
n
(xT ′n , PxT ′n
(yT ′n))
≥ b
Tn+1−T
′
n
0 D
′
d∗x
T
′
n
(xT ′n , PxT ′n
(yT ′n)).
And by Lemma 4.17,
d∗x
T
′
n
(xT ′n , PxT ′n
(yT ′n)) >
b0
D′
d∗xTn (xTn , PxTn (yTn)).
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As a conclusion, we conclude that
d∗x
T
′
n
(xT ′n , PxT ′n
(yT ′n)) > b
n
0d
∗
xT1
(xT1 , PxT1 (yT1)).
This implies that d∗xT1 (xT1 , PxT1 (yT1)) = 0. Therefore, y belongs to the local orbit
of x. In particular, B∞(x, δ1) is a segment of the orbit of x, and has topological
entropy zero.
It remains to prove that when Λ is a quasi attractor and all the singularities
are hyperbolic, this entropy expansiveness also holds for nearby flows. Take U
be a sufficiently small contratcing neighborhood. Because the singularities are
all isolated, each singularity can be treated as extreme points, and Λ contains
only finitely many singularities. By a similar argument as Lemma 4.9, one can
show that each singularity has negative center exponent. One may check that
Lemmas 4.13, 4.14 and 4.17 all hold robustly for nearby flows restricted in U , so
does the entropy expansiveness.
The proof is complete. 
5. Lower semi-continuation of topological entropy
In this section, we will obtain the lower semi-continuation of the topological
entropy. In Subsubsection 5.1, we assume Theorem 5.1, a C1 version of Pesin
theory for flows, to finish the proof of Theorem 2.22 and Corollary 2.24. The proof
of Theorem 5.1 is postponed to Appendix A. The proof of Corollary B, Corollary C
and Theorem D are given in Subsubsection5.2.
5.1. Proof of Theorem 2.22 and Corollary 2.24. First let us state a C1 version
of Pesin theory for flows, where we replace the regularity of maps by domination on
the tangent bundle. Similar statements for diffeomorphisms can be found at [1, 44].
Theorem 5.1. Let Λ be a compact invariant set of flow φt and admit a dominated
splitting E ⊕ F . Suppose µ is a non-trivial hyperbolic ergodic measure supported
on Λ with index dim(E) and µ˜ an ergodic decomposition of µ respect to f . Then
there is a compact, positive µ˜ measure subset Λ0 ⊂ Λ \ Sing(X) which satisfies the
following properties: for any ε > 0, there are L,L
′
, δ > 0 such that for any x and
fn(x) ∈ Λ0 with n > L
′
and d(x, fn(x)) < δ, there exists a point p ∈Md and a C1
strictly increasing function θ : [0, T ]→ R such that:
(a) θ(0) = 0 and 1− ε < θ
′
(t) < 1 + ε;
(b) p is a periodic point of φt with φθ(T )(p) = p;
(c) d(φt(x), φθ(t)(p)) ≤ ε‖X(φt(x))‖, t ∈ [0, T ];
(d) d(φt(x), φt(p)) ≤ Ld(x, φT (x))
(e) p has uniform size of stable manifold and unstable manifold.
Now we are ready to give the proof of Theorem 2.22, the argument is similar
to [20].
Proof of Theorem 2.22: By Theorem 5.1, take µ˜ an ergodic decomposition of µ
respect to f and Λ0 the compact set with positive µ˜ measure, and for ε > 0, take
L,L
′
, δ > 0. Replacing by a subset, we may assume the diameter of Λ0 is small
enough such that any two distinct periodic orbits obtained in Theorem 5.1 are
homoclinic related to each other. By Lemma 2.15, hµ(f) = hµ˜(f) > 0.
The following is the same as the proof of [20][Theorem 4.3]. For η, l > 0 and
n ∈ N, there is a finite set Kn = K(η, l) which satisfies the following properties (for
some n the set Kn(η, l) may be empty).
• Kn ⊂ Λ0;
• if x, y ∈ Kn, then dfn(x, y) >
1
l ;
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• For every x ∈ Kn, there exists a number m(x): n ≤ m(x) ≤ (1 + η)n such
that fm(x)(x) ∈ Λ0 and d(x, fm(x)) <
1
4Ll ;
• For every η > 0, liml→∞ limn→∞
ln CardKn(η,l)
n ≥ hµ˜(f)− η.
Let n, l be sufficiently large such that n > L
′
, 14l < δ and CardKn(η, l) >
expn(hµ˜−η).
Then for every x ∈ Kn, there is a pseudo orbit (φt(x))[0,m(x)], which is shadowed
by a periodic point px with period at most n(1 + ε)(1 + η) and d
f
n(x, px) ≤
1
4l . In
particular, for x 6= y ∈ Kn,
dfn(px, py) ≥ d
f
n(x, y)− d
f
n(x, px)− d
f
n(y, py) ≥
1
2l
.
When x and y are both shadowed by the same periodic orbitO, write px = φty,x(py),
then |ty,x| >
1
2lD where D = max{‖X(.)‖}.
As a corollary of the above argument, there are at most [n(1 + ε)(1 + η)2lD]
points of Kn are shadowed by the same periodic orbit. Hence, there are at least
en(hµ˜−η)
[n(1+ε)(1+η)2lD] many different periodic points with period bounded by n(1 + η).
Moreover, these periodic orbits are homoclinic related to each other near to Λ0,
and form a Horse-shoe with topological entropy larger than or equal to
ln
expn(hµ˜−η)
[n(1 + ε)(1 + η)2lD]
/n(1 + η),
which converges to hµ˜(f) = hµ(f) when ε, η → 0.
The proof is complete. 
Proof of Corollary 2.24: By Theorem 5.1, take µ˜ an ergodic decomposition of µ
respect to f and Λ0 the compact set with positive µ˜ measure, and for ε > 0, take
L,L
′
, δ > 0. Replacing by a subset, we may assume the diameter of Λ0 is small
enough such that for any two distinct periodic orbits obtained in Theorem 5.1 are
homoclinic related to each other.
Take x ∈ Λ0 a generic point of µ˜. By the Birkhoff ergodic theorem, there are
0 < n1 < · · · such that fni(x) ∈ Λ0 for each i ∈ N and limi d(x, fni(x)) → 0.
By Theorem 5.1, each pseudo orbit (xt)[0,ni] is shadowed by a periodic point pi.
Moreover, these periodic orbits are homoclinic related to each other and limi pi → x.
This implies that x, and the closure of its forward orbit which coincides to supp(µ˜),
are contained in the homoclinic class. This implies immediately that the chain
recurrent class of Λ contains a non-trivial homoclinic class.

5.2. Proof of Corollaries B, C and Theorem D.
Proof of Corollary B. By Theorem A and the variation principle, there is an f -
invariant measure µ supported on Λ with positive metric entropy. Then Corollary B
follows from Corollary 2.24 and Theorem 2.26. 
Proof of Corollary C:. Let R1 and R2 be the residual subsets defined in Theo-
rem 2.25 and Theorem 2.26 respectively. Then for any star flow φt ∈ R1 ∩ R2,
every non-trivial Lyapunov stable chain recurrent class of φt is Lorenz-like, and is
in fact an attractor. In particular, φt has only finitely many attractors.
By the main result of [29], there is a C1 residual subset of flows R3 that that for
every φt ∈ R3, the points converging to the Lyapunov stable chain recurrent calsses
of φt is everywhere dense. TakeR = R1∩R2∩R3. Combining the discussion above,
for every flow φt ∈ R, it has only finitely many attractors, the union of the basins
of these attractors are open and dense in the ambient manifold. We conclude the
proof. 
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Proof of Theorem D. By Proposition 2.21, there are attracting neighborhood U of
Λ, a C1 neighborhood U of φt and δ > 0, such that the flows in U are all δ-entropy
expansive. By Lemma 2.17, htop(.|U ) varies upper semi-continuous respect the flows
contained in U .
Choose U sufficiently small, such that for any flow φ
′
t ∈ U , its maximal invariant
set contained in U is sectional-hyperbolic. Then by Theorem 2.8, htop(φ
′
t|U ) > 0.
Applying Lemma 2.16, there is a maximal measure µ
′
for the map φ
′
|U , which is
clearly non-trivial. Then supp(µ
′
) admits a sectional-hyperbolic splitting Es⊕F cu,
which implies that µ
′
is a hyperbolic measure with index dim(Es).
Apply Theorem 2.22, for any ε > 0, there is a horse-shoe Λε of Y contained in U
with topological entropy larger than htop(φ
′
t|U )−ε. Because the topological entropy
of a horse-shoe varies continuously, we conclude the proof of lower semi-continuation
of the topological entropy and complete the proof of Theorem D. 
Appendix A. Proof of Theorem 5.1
For x ∈M \Sing(X) and v ∈ TxM , the orthogonal projection of Φt(v) on Nφt(x)
along the flow direction, denoted by ψt : Nx → Nxt , was defined in Subsection 2.3:
ψt(v) = piφt(x)(Φt(v)) = Φt(v)−
< Φt(v), X(φt(x)) >
‖X(φt(x))‖2
X(φt(x)).
In this section, we need another flow ψ∗t : N → N , which is called scaled linear
Poincare´ flow:
ψ∗t (v) =
‖X(x)‖
‖X(φt(x))‖
ψt(v) =
ψt(v)
‖Φt|<X(x)>‖
,
Lemma A.1. ψ∗t is a bounded cocycle on NΛ in the following sense: for any τ > 0,
there is Cτ > 0 such that for any t ∈ [−τ, τ ],
‖ψ∗t ‖ ≤ Cτ .
Moreover, let µ be a non-trivial ergodic measure supported on Λ, then the two
cocycles ψt and ψ
∗
t have the same Lyapunov exponents and Oseledets splitting.
Proof. The uniformly boundness comes from the boundness of Φt for t ∈ [−τ, τ ].
For µ almost every x, we have lim log ‖Φt(X(x))‖t = 0. This implies that both ψt
and ψ∗t have the same Lyapunov exponents and Oseledets splitting.

A.1. Pesin block.
Lemma A.2. X |Λ\Sing(Xt) ⊂ F .
Proof. Because φt|supp(µ) is transitive (Birkhoff ergodic theorem), by Lemma 2.13,
we have either X |Λ\Sing(Xt) ⊂ E or X |Λ\Sing(Xt) ⊂ F .
Since µ is hyperbolic with index dim(E), by Theorem 2.19, f has dim(E) num-
ber of negative exponents and a vanishing center exponent which corresponds to
the flow direciton. The Lyapunov exponents restricted on E(x) is clearly smaller
than the exponents on F (x). Hence, E(x) coincides to the subspace spanned by
the sunbundles in the Oseledets splitting corresponding to the negative exponents;
and F (x) is the subspace spanned by the flow direction and the sunbundles in
the Oseledets splitting corresponding to the positive exponents. This implies that
X(x) ∈ F (x), and by the transitivity, we conclude that X |Λ\Sing(Xt) ⊂ F .

Lemma A.3. For both of ψt and ψ
∗
t , pi(E) ⊕ pi(F ) is a dominated splitting on
NΛ\Sing(Xt), which is also the Oseledets splitting of µ corresponding to the negative
exponents and positive exponents.
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Proof. Let us first prove that pi(E) ⊕ pi(F ) is a dominated splitting for ψt. The
proof of ψ∗t follows immediately from the relation between ψt and ψ
∗
t .
Consider ψt, t < 0. Because E ⊕ F is a dominated splitting for the flow, there
are C, c0 > 0 such that for any t < 0, u and v unit vectors contained in Ex and Fx
for x ∈ Λ \ Sing(Xt), we have
‖Φt(u)‖
‖Φt(v)‖
> C exp−c0t .
BecauseE⊕F is a dominated splitting for flow, the angles between these two sub-
bundles are uniformly bounded from below. By Lemma A.2, X |supp(µ)\Sing(Xt) ⊂ F ,
for any u 6= 0 ∈ E, there is C∗ > 0 such that
1
C∗
<
‖Φt(u)‖
‖ψt(u)‖
<
1
C∗
.
From the definition of ψt, which is a projection, we have ‖ψt(v)‖ ≤ ‖Φt(v)‖.
Hence,
‖ψt(u)‖
‖ψt(v)‖
> C exp−c0t /C∗,
which means that, pi(E)⊕ pi(F ) is a dominated splitting for ψt.
Because µ has index dim(E) and pi(E)⊕pi(F ) is a dominated splitting for ψt, by
Theorem 2.19, we conclude that pi(E)⊕pi(F ) is the Oseledets splitting corresponding
to the negative and positive Lyapunov exponents of µ for both ψt and ψ
∗
t .

Definition A.4. The orbit arc φ[0,T ](x) is called (λ, T0)
∗ quasi hyperbolic with re-
spect to a direct sum splitting Nx = E(x) ⊕ F (x) and the scaled linear Poincare´
flow ψ∗t if there exists 0 < λ < 1 and a partition
0 = t0 < t1 < · · · < tl = T, where ti+1 − ti ∈ [T0, 2T0]
such that for k = 0, 1, . . . , l, we have
k−1∏
i=0
‖ψ∗ti+1−ti |ψti (E(x))‖ ≤ λ
k;
l−1∏
i=k
m(ψ∗ti+1−ti |ψti (F (x))) ≥ λ
k−l,
and
‖ψ∗tk+1−tk |ψtk (E(x))‖
m(ψ∗tk+1−tk |ψtk (F (x)))
≤ λ2.
Now we state a C1 version of Pesin block.
Lemma A.5. There are L
′
, η, T0 > 0 and a positive µ˜1 measure subset Λ0 ⊂
Λ\Sing(X), such that for any x, fn(x) ∈ Λ0 with n > L
′
, φ[0,n](x) is (η, T0)
∗ quasi
hyperbolic with respect to a direct sum splitting Nx = E(x) ⊕ F (x) and the scaled
linear Poincare´ flow ψ∗t .
Proof. By Lemma A.3 and Theorem 2.19, on µ˜ almost every x, pi(E(x))⊕ pi(F (x))
is the Oseledets splitting of f for ψ∗t corresponding to the negative and positive
exponents. Then by subadditive ergodic theorem, there is a < 0 such that
lim
t→∞
1
t
∫
log ‖ψ∗t |E‖dµ˜ < a and limt→−∞
1
|t|
∫
log ‖ψ∗t |F ‖dµ˜ < a.
Taking N0 sufficiently large, we have
1
N0
∫
log ‖ψ∗N0 |E‖dµ˜ < a and
1
N0
∫
log ‖ψ∗−N0 |F ‖dµ˜ < a.
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Consider the ergodic decomposition of µ˜ for fN0 :
µ˜ =
1
k0
(
µ˜1 + · · ·+ µ˜k0
)
.
By changing the order, we may assume that:
1
N0
∫
log ‖ψ∗N0 |E‖dµ˜1 < a and
1
N0
∫
log ‖ψ∗−N0 |F ‖dµ˜1 < a.
Applying Birkhoff ergodic theorem on fN0 , for µ˜1 almost every x,
lim
1
mN0
m−1∑
i=0
log ‖ψ∗N0 |E(fiN0(x))‖ < a
and
lim
1
mN0
m−1∑
i=0
log ‖ψ∗−N0 |F (f−iN0(x))‖ < a.
There is nx > 0 such that for any m > nx,
1
mN0
m−1∑
i=0
log ‖ψ∗N0 |E(fiN0(x))‖ < a and
1
mN0
m−1∑
i=0
log ‖ψ∗−N0 |F (f−iN0(x))‖ < a.
Choose N1 such that the set Λ
′
= {x;n(x) < N1} has positive µ˜1 measure. Let
Λ0 ⊂ Λ
′
\Sing(X) be compact and has positive µ˜1 measure. It follows immediately
that µ˜(Λ0) > 0. By Lemma A.1, we may define
K = max
|t|≤N0,y∈Λ\Sing(X)
{sup{ψ∗t |E(y)}; sup{ψ
∗
t |F (y)}}.
Choose N2 sufficiently large and b < 0 such that
N2 +N0
N0
a+ 3K < b < 0.
We claim that for any sequence n1 < n2 · · · < nl satisfying N2 ≤ ni+1 − ni ≤
N2 +N0 for 0 ≤ i ≤ l− 1:
1
l
l−1∑
i=0
log ‖ψ∗ni+1−ni |E(fni (x))‖ < b.
A similar formula also holds for F bundle. Let L
′
> 0 be sufficiently large, such
that for any n > L
′
, there always exists a sequence n1 < n2 · · · < nl satisfying
N2 ≤ ni+1 − ni ≤ N2 + N0 for each 0 ≤ i ≤ l − 1. Then by the above claim, we
conclude the proof of this lemma.
It remains to prove the claim. For each 0 ≤ i < l, denote
ki = [
ni+1
N0
]− [
ni
N0
]− 1, n
′
i = ([
ni
N0
] + 1)N0 and n
∗
i+1 = [
ni+1
N0
]N0.
Then n∗i ≤ ni ≤ n
′
i, n
∗
i+1 − n
′
i = kiN0 and
ψ∗ni+1−ni |E(fni(x)) = ψ
∗
ni+1−n∗i+1
|
E(f
n∗
i+1(x))
◦ ψ∗kiN0 |E(fn
′
i (x))
◦ ψ∗
n
′
i−ni
|E(fni (x))
Observe that ni+1 − n∗i+1 ≤ N0 and n
′
i − ni ≤ N0, which imply in particular that
log ‖ψ∗ni+1−ni |E(fni (x))‖ ≤ 2K + log ‖ψ
∗
kiN0 |E(fn
′
i (x))
‖
≤ 3K + log ‖ψ∗
n
′
i+1−n
′
i
|
E(fn
′
i (x))
‖.
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Because n
′
0 = 0, we have that
1
l
l−1∑
i=0
log ‖ψ∗ni+1−ni |E(fni(x))‖ ≤
1
l
l∑
i=0
log ‖ψ∗
n
′
i+1−n
′
i
|
E(fn
′
i (x))
‖+ 3K
≤
1
l
n
′
l+1
N0∑
j=0
log ‖ψ∗N0 |E(fjN0 (x))‖+ 3K
≤
n
′
l+1
lN0
a+ 3K ≤
N2 +N0
N0
a+ 3K ≤ b

A.2. Liao’s shadowing lemma for scaled linear Poincare´ flow. In this sub-
section we will introduce the Liao’s shadowing lemma for scaled linear Poincare´ flow
of [26]. Because we need estimate the difference of the time between the pseudo
orbit and real orbit: the item (d) below, which only follows from the proof, we
provide here the idea of the proof:
Theorem A.6. Given a compact set Λ0 ⊂ Λ\Sing(X), and η > 0, T0 > 0, for any
ε > 0 there exist δ > 0 and L > 0, such that for any (η, T0)
∗ quasi hyperbolic orbit
arc φ[0,T ](x) with respect to dominated splitting Nx = E(x) ⊕ F (x) and the scaled
linear Poincare´ flow ψ∗t which satisfies x, φT (x) ∈ Λ0 and d(x, φT (x)) ≤ δ, there
exists a point p ∈Md and a C1 strictly increasing function θ : [0, T ]→ R such that
(a) θ(0) = 0 and 1− ε < θ
′
(t) < 1 + ε;
(b) p is a periodic point with φθ(T )(p) = p;
(c) d(φt(x), φθ(t)(p)) ≤ ε‖X(φt(x))‖, t ∈ [0, T ];
(d) d(φt(x), φt(p)) ≤ Ld(x, φT (x)).
(e) p has uniform size of stable manifold and unstable manifold.
Proof. For simplicity, we assumeM is an open set in Rd, which implies that for ev-
ery regular point x ∈M , Nx is a d−1-dimensional hyperplane. Because d(x, φT (x))
is sufficiently small, we may suppose that φT (x) ∈ Nx.
The first step is to translate the problem into the shadowing lemma for a sequence
of maps: By [16][Lemmas 2.2, 2.3], there is β depending on T0 such that the
holonomy map induced by flow is well defined between
Px,φt(x) : Nx(β‖X(x)‖)→ Nφt(x) for any t ∈ [T0, 2T0].
This is conjugate to the following sequence of maps:
P∗x,φt(x),Nx(β)→ Nφt(x) : P
∗
x,φt(x)
(a) =
Px,φt(x)(a‖X(x)‖)
‖X(φt(x))‖
.
The tangent map of P∗x,φt(x) is uniformly continuous.
Take the sequence of times 0 = t0 < t1 < · · · < tl = T in the definition of quasi
hyperbolic orbit. We consider the local diffeomorphisms induced by the holonomy
maps:
Ti = P
∗
φti−1(x),φti (x)
for 1 ≤ i ≤ l − 1;
and Tl : Nφtl−1 (x)(β)→ Nx. Because d(x, φT (x)) is sufficiently small, the holonomy
map Tl is well defined. For each 1 ≤ i ≤ l, we have
TTi(0) = ψ
∗
ti−ti−1 |φti−1 (x).
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Denote Ei = ψti(E(x)) and Fi = ψti(F (x)). Then, by the definition of quasi
hyperbolic, there is 0 < λ < 1 such that such that for k = 1, . . . , l, we have
k∏
i=1
‖Ti‖ ≤ λ
k;
l∏
i=k
m(Ti) ≥ λ
k−l−1,
and
‖Tk|Ek‖
m(‖Tk|Fk)
≤ λ2.
Now we apply the version of Liao’s shadowing lemma on discrete quasi hyperbolic
maps ([15][Theorem 1.1], see also [23, 24, 25]). On the d(x, φT (x)) pseudo orbit
{0x, 0φt1(x), . . . , 0φtl−1(x)}, there is L > 0 and a periodic orbit p ∈ Nx with period
l for {T0, · · · , Tl−1}, whose orbit Ld(x, φT (x))-shadows the pseudo orbit.
Using the version of flow tubular theorem [16][Lemmas 2.2], one may prove (a),
(b) and (c) above. Now let us focus on the proof of (d) and (e). We follow the
proof of [15]. By Lemma 3.1 of [15], there is a sequence of positive numbers {ci}
l
i=1
called well adapted such that:
(i) gj =
∏k
j=1 cj ≤ 1, k = 1, . . . , l− 1 and gl =
∏l
j=1 cj = 1;
(ii) denote T˜j(a) = g
−1
j Tj(gj−1a), then
‖T T˜j(0)|Ej‖ ≤ λ and m(T T˜j(0)|Fj ) ≥
1
λ
.
It was shown in [15] (p. 631) that the well adapted sequence is uniformly bounded
from above and from zero, and the sequence of hyperbolic maps {T˜j}lj=1 are Lip-
schtez maps (with uniform Lipschtez constant).
Denote by
Ψk = Tk · · · ◦ T1 and Ψ˜k = T˜k · · · ◦ T˜1.
It is easy to see that
Ψk = gkΨ˜k and Ψl = Ψ˜l.(10)
Observe that {0x, 0φt1 (x), · · · , 0φtl−1(x)} is still a d(x, φT (x)) pseudo orbit of se-
quence of hyperbolic diffeomorphisms {T˜j}
l−1
j=0. By the standard shadowing lemma
for hyperbolic diffeomorphisms (see [15][Lemma 2.1]), there is L > 0 such that the
pseudo orbit is Ld(x, φT (x))-shadowed by periodic orbit {p˜, p˜1, . . . , p˜l−1}, and this
periodic orbit has uniform size of stable and unstable manifold. By (10), {gkp˜k}lk=1
is a pseudo orbit for the original sequence of maps {Tk}
l−1
k=0 and p0 = p˜0. Hence, p0
has uniform size of stable manifold and unstable manifold. We conclude (e).
It remains to prove (d). We claim that∑
0≤i≤l−1
d(pi, 0φti (x)) ≤ L
∗d(x, φtl(x)).(11)
By the definition of well adapted sequence, gk ≤ 1 for every 1 ≤ k ≤ l, which
implies that d(pk, 0φtk (x)) ≤ d(p˜k, 0φtk (x)). Hence, to prove this claim, it suffices to
verify that there is L∗ > 0 such that∑
0≤i≤l−1
d(p˜i, 0φti (x)) ≤ L
∗d(x, φtl(x)).
This property can be obtained directly from the proof of shadowing lemma of
uniformly hyperbolic maps. Here we state a proof which depends on the shadowing
lemma:
Proof. We will consider F -admissible manifolds, which are manifolds contained in
Nφti (x) (0 ≤ i ≤ l) and satisfy:
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• tangent to the F cone;
• has uniform size.
Take an F admissible manifold IF0 ∋ 0x ⊂ Nx. Denote a0 = I
F
0 ⋔ W
s
loc(p˜0). By the
hyperbolicity of {T˜j}lj=1, Ψ˜1(I
F
0 ) contains an F admissible manifold I
F
1 ∋ 0φt1(x).
Denote a1 = IF1 ⋔ W
s
loc(p˜1), then a1 = T˜0(a0). By induction, we define a sequence
of F admissible manifolds IFj , 1 ≤ j ≤ l such that Ψ˜j(I
F
0 ) ⊃ I
F
j . Denote aj =
IFj ⋔W
s
loc(p˜j), then aj = Ψ˜j(a0). Moreover, for 0 ≤ j ≤ l − 1, 0φtj (x) ∈ I
F
j .
Let γE0 ⊂W
s
loc(p˜0) which connects p˜0 and a0 with minimal length, and γ
F
l ⊂ I
F
l
which connects al and Ψ˜l(0x) with minimal length. By the uniformly transversality
between the F admissible manifolds and local stable manifolds, there is K > 0 such
that
length(γE0 ) ≤ Kd(x, p˜0) ≤ LKd(x, φT (x))
and
length(γFl ) ≤ Kd(φT (x), p˜0) ≤ LKd(x, φT (x)).
For 1 ≤ i ≤ l, denote Gi : Nx → Nφti (x):
Gi = T˜
−1
i+1 ◦ · · · ◦ T˜l
−1
.
Then γi = Ψ˜i(γ
E
0 ) ∪ Gi(γ
F
l ) is a piecewise smooth curve connecting 0φti (x) and
Ψ˜i(p˜). Moreover, Ψ˜i(γ
E
0 ) ⊂ W
s
loc(p˜i) and Gi(γ
F
l ) ⊂ I
F
i . By the hyperbolicity,
Ψ˜i|γE0 and Gi|γFl both are exponentially contracting. There is λ < 1 such that
length(γi) < λ
iKLd(x, φT (x)) + λ
l−iKLd(x, φT (x)).
Hence, there is L∗ such that:∑
0≤i≤l−1
d(p˜i, 0φti (x)) ≤
∑
length(γi)
≤
∑
0≤i≤l−1
(λi + λl−i)KLd(x, φT (x))
≤ L∗d(x, φT (x)).

Let us continue the proof. For any x ∈ M \ Sing(X) and t ∈ [T0, 2T0], one
may define the cross time function tx,φt(x) : Nx(β) → R: for any a ∈ Nx(β),
φtx,φt(x)(a)(a‖X(x)‖) ∈ Nφt(x). The function tx,φt(x) is smooth by the implicite func-
tion theorem, and whose derivative is uniformly continuous (for example, bounded
by L2), which can be deduced from the proof of [16][Lemmas 2.3]. Then
l−1∑
i=0
|(ti+1 − ti)− tφti (x),φti+1(x)(pi)| < L
∗L2d(x, φT (x)).
Moreover, there is L3 such that for any y, z ∈ Nx(β|X(φi(x))|), and ti ≤ t < ti+1,
we have
d(φs(y), φs(z)) < L3d(y, z).
Now we are prepare to prove (d):
Suppose ti ≤ t < ti+1, denote by Ti =
∑
j≤i−1 tφtj (x),φtj+1(x)(pj).
d(φt(x), φt(p)) = d(φt−ti(φti(x)), φt−Ti (pi))
≤ d(φt−ti(φti(x)), φt−ti (pi)) + d(φt−ti (pi), φt−Ti (pi))
< L3d(φti (x), pi) + |ti − Ti|D
< L3L
∗d(x, φT (x)) + L2L
∗Dd(x, φT (x)).
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Let L = L3L
∗ + L2L
∗D, the proof is complete.

A.3. Proof of Theorem 5.1. It is easy to see that Theorem 5.1 is a direct corollary
of Lemma A.5 and Theorem A.6.
Appendix B. Proof of Theorem 2.26
The following property comes directly from the definition of Lyapunov stable
chain recurrent class, and will be used frequently during the proof.
Lemma B.1. Let Λ be a Lyapunov stable chain recurrent class of φt. Then for
any x ∈ Λ, its unstable set is contained in Λ.
We also need two C1 generic properties for flows.
Proposition B.2. There is a C1 residual subset R of flows, such that for any flow
φt ∈ R, and for any chain recurrent class C of φt which contains a periodic point
p, C coincides to the homoclinic class of Orb(p). In particular, C is transitive.
Proposition B.3. There is a C1 residual subset R of flows, such that for any flow
φt ∈ R and any non-trivial chain recurrent class C of φt, suppose C contains a
hyperbolic singularity σ and a hyperbolic periodic point p, further suppose there is a
dominated splitting Es(σ) = Ess(σ)⊕Ec1(σ) on σ where E
c
1 is 1-dimensional weak
contracting subbundle, then the strong stable manifold W ss(σ) of σ divides the stable
manifold into two branches W s,+(σ) and W s,−(σ), and if C ∩ (W s,i(σ) \ σ) 6= ∅ for
i = +,−, then W s,i(σ) ∩Wu(p) 6= ∅.
Proposition B.2 is the flow version of similar results of diffeomorphisms stated
in [6][Corollary 1.4, Remark 1.10]. Proposition B.3 can be proved by applying the
connecting lemma of [6] on a branch of stable manifold of the singularity and the
unstable manifold of the other periodic orbit.
Proof of Theorem 2.26: Let R2 be the residual subset of flows which are Kupka-
Smale and satisfies Propositions B.2 and B.3.
By Corollary B and Proposition B.2, Λ coincides to the homoclinic class of a
hyperbolic orbit Orb(p) and is transitive. In order to prove Λ is an attractor, it
remains to show that Λ is an attracting set. From the definition of Lyapunov
stable chain recurrent class, it suffices to prove that Λ is isolated, i.e., it cannot be
approximated by other chain recurrent classes.
Let {Un} be the sequence of attracting neighborhoods of Λ in the definition of
Lorenz-like class. Suppose by contradiction that Λ is not isolated, i.e., there are
chain recurrent classes Cn and y
n ∈ Cn such that y
n → Λ. We may assume that
each Cn is contained in an attracting neighborhood Un. Thus, lim supn Cn ⊂ Λ.
Because φt ∈ R2 is Kupka-Smale, the singularities are isolated. Hence, φt con-
tains at most finitely many singularities. We suppose ∪nCn contains no singulari-
ties. Because Cn also induces the singular hyperbolic splitting from Λ, it contains
no singularity implies is hyperbolic. Therefore Cn contains a hyperbolic periodic
orbit Orb(xn). Denote Λ0 ⊂ Λ the Hausdorff limit of Orb(xn), which is a compact
invariant subset.
We claim that Λ0 contains a singularity. Suppose Λ0 contains no singularities.
Because it admits a singular hyperbolic splitting, hence, Λ0 is a hyperbolic set. For
n large enough, the two hyperbolic sets Cn and Λ0 are homoclinic related to each
other. This implies that Λ0 and Cn are contained in the same chain recurrent class,
a contradiction with the assumption that Λ and Cn are different chain recurrent
classes.
TOPOLOGICAL ENTROPY OF LORENZ-LIKE FLOWS 29
Let σ be a singularity contained in Λ0. Then as in the proof of Lemma 4.1, σ
admits a partially hyperbolic splitting Ess⊕Ecs1 ⊕E
u where Ecs1 is a 1-dimensional
weak stable bundle and Fss ∩ Λ = ∅. Then Fss divides W s(σ) into two branches
W s,+(σ) and W s,−(σ).
By modifying xn to a different point in the same periodic orbit, we assume that
xn → σ. Fix a small ε, for each xn, let tn < 0 be the time satisfying
(xn)tn ∈ ∂(Bε(σ)) and (x
n)[tn,0] ⊂ Bε(σ).
Denote zn = (xn)tn . Replacing by a subsequence, suppose limnz
n = z0, then
z0 ∈ W s(σ). We may further suppose y0 ∈W s,+(σ).
By Proposition B.3, Wu(Orb(p)) ⋔ W s,+(σ) 6= ∅. Denote a an intersecting
point. There is t such that a ∈ Wuu(pt). Consider a disk D ∋ a ⊂Wuu(pt). Then
by λ lemma, φt(D)→Wu(σ) from the ‘right’ and {φt(D); t > 0} is a submanifold
tangent to the F cu bundle with dimension dim(F cu) . Therefore for n large enough,
Fs(xn) ⋔ {φt(D); t > 0} 6= ∅. Because Λ is a Lyapunov stable chain recurrent class,
by Lemma B.1, φt(D) ⊂ Λ. Thus Fs(xn) ∩ Λ 6= ∅. In particular, this implies that
d(φt(x
n),Λ) = d(φt(x), φt(Λ))→ 0.
Which only occurs when Cn∩Λ 6= ∅, a contradiction. This completes the proof. 
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